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AbstractLet X be an irreducible, smooth, projective curve of genus g > 2 
defined over tile complex field C. Then there is a covering tt : X — > P-*^, 
where P^ denotes the projective line. The problem of expressing branch 
points of tlie covering tt in terms of the transcendentals (period matrix, 
thetanuUs, e.g.) is classical. It goes back to Riemann, Jacobi, Picard and 
Rosenhein. Many mathematicians, including Picard and Thomae, have 
offered partial treatments for this problem. In this work, we address the 
problem for cyclic curves of genus 2, 3, and 4 and find relations among 
theta functions for curves with automorphisms. We consider curves of 
genus S > 1 admitting an automorphism cr such that X'^ has genus zero 
and <T generates a normal subgroup of the automorphism group Aut{X) 
of X. 

To characterize the locus of cyclic curves by analytic conditions on 
its Abelian coordinates, in other words, theta functions, we use some 
classical formulas, recent results of Hurwitz spaces, and symbolic com- 
putations, especially for genera 2 and 3. For hyperelliptic curves, we 
use Thomae's formula to invert the period map and discover relations 
among the classical thetanuUs of cyclic curves. For non hyperelliptic 
curves, we write the equations in terms of thetanuUs. 

Fast genus 2 curve arithmetic in the Jacobian of the curve is used 
in cryptography and is based on inverting the moduli map for genus 2 
curves and on some other relations on theta functions. We determine 
similar formulas and relations for genus 3 hyperelliptic curves and offer 
an algorithm for how this can be done for higher genus curves. It is 
still to be determined whether our formulas for 5 = 3 can be used in 
cryptographic applications as in g = 2. 
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1. Introduction to Theta Functions of Curves 

Let X be an irreducible, smooth, projective curve of genus g > 2 defined over 
the complex field C. We denote the moduli space of genus g by M.g and the 
hyperelliptic locus in Aig by Hg. It is well known that dim A4g = 3g — 3 and Hg 
is a {2g — 1) dimensional subvariety of Mg. Choose a symplectic homology basis 
for X, say 

{Al, . . . , Ag, Bl,. .., Bg} 

such that the intersection products Ai ■ Aj = Bi ■ Bj = and Ai ■ Bj = Sij . We 
choose a basis {wi} for the space of holomorphic 1-forms such that wj = 6ij, 



where 6ij is the Kronecker delta. The matrix fl = Wj is the period matrix 

of X . The columns of the matrix [/ form a lattice L in and the Jacobian 
of A" is Jac {X) = Cs/L. Let 

— {t : T is symmetric g ^ g matrix with positive definite imaginary part} 

be the Siegel upper-half space. Then O e io^. The group of all 2g x 2g matrices 
M G GL2g{Z) satisfying 



APJM = J with J = 



Ig 

-Ig 



is called the symplectic group and denoted by Sp2g{1')- Let M = ^ 

Sp2g{'Z) and t £ S)g where i?, S*, T and U are g x g matrices. Sp2g{'^) acts 
transitively on f)g as 



M(t) = {Rt + S){Tt + U)-\ 
Here, the multiplications are matrix multiplications. There is an injection 

Mg^S)g/Sp2g{Z) Ag 

where each curve C (up to isomorphism) goes to its Jacobian in Ag. If £ is a 
positive integer, the principal congruence group of degree g and of level £ is defined 
as a subgroup of Sp2g{'^) by the condition M = l2g mod £. We shall denote this 
group by Sp2g{Z){e). 

For any z G and t E S)g the Riemann's theta function is defined as 

9{z,t) = e"("*™+2"'^) 

where u and z are (/-dimensional column vectors and the products involved in the 
formula are matrix products. The fact that the imaginary part of t is positive 
makes the series absolutely convergent over every compact subset of xSjg. The 
theta function is holomorphic on x ^jg and has quasi periodic properties, 

e{z + u,T) = e{z,T) and 0(z + ur,T) =e-'''("'^"+^^'") •e'(z,r) 



where u G Z^; see 11 for details. The locus 9 := {2 G C^/L : 9{z,n) = 0} is 



called the theta divisor of X. Any point e G Jac (X) can be uniquely written 

n 



as e = (&, a) ( 1^ ) where a, & G are the characteristics of e. We shall use the 



notation [e] for the characteristic of e where [e] 



. For any a,b G Q^, the 



theta function with rational characteristics is defined as a translate of Riemann's 
theta function multiplied by an exponential factor 



(Z, t) = f,-^Ka'-ra+2a\z+b))g^^ .^ + TO + 6, t) . 

By writing out Eq. Q, we have 

[z,t) = ^ g^»((«+Q)'r(u+a) + 2(u+a)'(z+fc))^ 



(1) 



The Riemann's theta function is 6 



The theta function with rational charac- 



teristics has the following properties: 



a + n 
b + m 



{z + m, t) 



(2) 



where n,m G . All of these properties are immediately verified by writing them 
out. A scalar obtained by evaluating a theta function with characteristic at z = 
is called a theta constant or thetanulls. When the entries of column vectors a and 

b are from the set {0, then the characteristics ^ are called the half-integer 

characteristics. The corresponding theta functions with rational characteristics 
are called theta characteristics. Points of order n on Jac {X) are called the ^- 

periods. Any point p of Jac {X) can be written as p = r a + 6. If ^ is a ^- 

period, then a, & G (iZ/Z)s. The ^-period p can be associated with an element 
of Hi{X, Z/nZ) as follows: Let a = (ai, • • • , Og)*, and b = (&i, • • • , bgY . Then 



p = Ta + b 



wi, • • • 





- (pi 1 Wi, • 






J Ax 


J A 



J J Ai JB; J A, 



c 



where C = ^ 0^5^+6^^^. We identify the point p with the cycle C G Hi{X ,Z/nZ) 
where C = ^diBi -\- biAi, di = nai and bi — nb^ for all i. 



1.1. Half-Integer Characteristics and the Gopel Group 



In this section we study groups of half-integer characteristics. Any half-integer 
characteristic m G /I?^ is given by 



1 1 / TOi mo 

m = -m = - 



where m^, m' £ Z. For m = 



m 
m" 



e iZ29/Z29, we define e*(m) = 



We say that m is an even (resp. odd) characteristic if e*(m) — 1 (resp. e*(Tn) = 
— 1). For any curve of genus g, there are 2f~^(2s + 1) (resp., 2f~i(2f — 1) ) 
even theta functions (resp., odd theta functions). Let a be another half-integer 
characteristic. We define 



where ti = (mi + ai) mod 2 and = {rn[ + a'^) mod 2. 

For the rest of the thesis we only consider characteristics in which each of 
the elements g, ,?,- is either or 1. We use the following abbreviations: 

9 9 

|m| =^mjm-, |m, o| = ^(m^a^ - m^a-), 

1=1 1=1 

|m,a,b| = |Q,b| + |b,m| + |m,a|, f""^ = e"^^'=i "^"^^ . 



The set of all half-integer characteristics forms a group F which has 2^f ele- 
ments. We say that two half integer characteristics m and a are syzygetic (resp., 
azygetic) if |Tn, a| = mod 2 (resp., \m,a\ = 1 mod 2) and three half- integer 
characteristics m, a, and b are syzygetic if |m, o, b| = mod 2. A Gopel group 
G is a group of 2^ half-integer characteristics where r < g such that every two 
characteristics are syzygetic. The elements of the group G are formed by the sums 
of r fundamental characteristics; see [2j pg. 489] for details. Obviously, a Gopel 
group of order 2^ is isomorphic to C2. The proof of the following lemma can be 
found on [2, pg. 490]. 

Lemma 1. The number of different Gopel groups which have 2^ characteristics is 

(229 _ l)(229-2 - 1) . . . (229-2r+2 _ 

(2'--l)(2'~-i-l)---(2-l) ■ 

If G is a Gopel group with 2"" elements, it has 2^^~^ cosets. The cosets are 
called Gopel systems and are denoted by aG, a € F. Any three characteristics 
of a Gopel system are syzygetic. We can find a set of characteristics called a 
basis of the Gopel system which derives all its 2^ characteristics by taking only 
combinations of any odd number of characteristics of the basis. 



Lemma 2. Let g > 1 be a fixed integer, r be as defined above and a ^ g — r. Then 
there are 2'^~^(2'^ + 1) Gdpel systems which only consist of even characteristics 
and there are 2°'^^(2'^ — 1) Gdpel systems which consist of odd characteristics. 
The other 2^°^ (2'' — 1) Gdpel systems consist of as many odd characteristics as 
even characteristics. 

Proof. The proof can be found on 2 , pg. 492] . □ 

Corollary 1. When r = g, we have only one (resp., 0) Gdpel system which consists 
of even (resp., odd) characteristics. 

Let us consider s — 2^°" Gopel systems which have distinct characters. Let us 
denote them by 

aiG, a2G, • • • , o^G. 

We have the foUowing lemma. 

Lemma 3. It is possible to choose 2(7 + 1 characteristics from Oi, a2, • • • , a^, say 
Si, a2, • • • , a2a-+i, such that every three of them are azygetic and all have the 
same character. The above 2a + I fundamental characteristics are even (resp., 
odd) if a = 1,0 mod 4 (resp.,= 2,3 mod 4j. 

The proof of the following lemma can be found on 2, pg. 511]. 

Lemma 4. For any half-integer characteristics a and (), we have the following: 

We can use this relation to get identities among half-integer theta constants. 
Here e can be any half-integer characteristic. We know that we have 2^~^(2^ -|- 1) 
even characteristics. As the genus increases, we have multiple choices for e. In the 
following, we explain how we reduce the number of possibilities for e and how to 
get identities among theta constants. 

First we replace c by e() and zi = Z2 = in Eq. Eq. ^ can then be 
written as follows: 

0^[a]9^[at)] = 2-sJ2e"^"'^^ (^^^^e^[e]0^[ci)]. (4) 

We have e"l°''''l (^^| ) = e'^*!"^! (^''Je"l"'^l . Next we put zi = = in Eq. ^ 
and add it to Eq. (|4| and get the following identity: 

202[a]02ja[)] =2-9^e"'>'l(l-l-e"*l''''''l)^2[g]^2j^(^]_ 

c 

If |ae, [}| = 1 mod 2, the corresponding terms in the summation vanish. Otherwise 
1 -I- e'^'l'"'''! = 2. In this case, if either e is odd or ef) is odd, the corresponding 
terms in the summation vanish again. Therefore, we need |oe, f)| = mod 2 and 



|e| = |ef)| = mod 2. in order to get nonzero terms in the summation. If e* 
satisfies |e*| = |e*f)*| = mod 2 for some f)*, then e*f)* is also a candidate for 
the left hand side of the summation. Only one of such two values e* and e*[)* is 
taken. As a result, we have the following identity among theta constants 

O^O^h] - ^E^^^'"'Q,)^'W^'[^W, (6) 

where a, f) are any characteristics and e is a characteristics such that |ae, ()| = 
mod 2, |e| = |e[)| = mod 2 and e ^ ef}. 

By starting from the Eq. ^ with zi = Z2 and following a similar argument 
to the one above, we can derive the identity, 

^*[a] + e^l^'i'le^iaf)] = V e"'l"'l{04[e] + e'^l^'^l^^icf)]} (7) 
2^ 

c 

where o, f) are any characteristics and c is a characteristic such that |[)| + |e, ()| = 
mod 2, |e| = |ef]| = mod 2 and e ^ ef). 

Remark 1. |ae,f)| = mod 2 and |e(]| = |e| = mod 2 implies |a, f)| + |[)| = 
mod 2. 

We use Eq. ^ and Eq. Q to get identities among thetanuUs in Chapter 2 
and in Chapter 3. 



1.2. Hyperelliptic Curves and Their Theta Functions 



A hyperelliptic curve X , defined over C, is a cover of order two of the projec- 
tive line P^. Let z be the generator (the hyperelliptic involution) of the Galois 
group GaZ(A'/P^). It is known that (z) is a normal subgroup of the Aut(A') and 
z is in the center of Aut(A'). A hyperelliptic curve is ramified in (2g + 2) places 
wi, • • • ,^23+2- This sets up a bijection between isomorphism classes of hyperel- 
liptic genus g curves and unordered distinct (2g-|-2)-tuples wi, • • • ,W2g+2 € P"^ 
modulo automorphisms of P^. An unordered (2g + 2)-tuple can be de- 

scribed by a binary form (i.e. a homogenous equation /(X, Z) of degree 2g + 2). 
To describe Hg, we need rational functions of the coefficients of a binary form 
f{X, Z), invariant under linear substitutions in X and Z. Such functions are called 



absolute invariants for g = 2; see 17 for their definitions. The absolute invariants 



are GL2{C) invariants under the natural action of GL2{C) on the space of binary 
forms of degree 2g -\- 2. Two genus g hyperelliptic curves are isomorphic if and 
only if they have the same absolute invariants. The locus of genus g hyperellip- 
tic curves with an extra involution is an irreducible g-dimensional subvariety of 
Hg which is denoted by Cg. Finding an explicit description of Cg means finding 
explicit equations in terms of absolute invariants. Such equations are computed 



only for g = 2; see 17 for details. Writing the equations of £2 in terms of theta 



constants is the main focus of Chapter 2. Computing similar equations for g > 3 
requires first finding the corresponding absolute invariants. This is still an open 
problem in classical invariant theory even for 5 = 3. 



Let X — > be the degree 2 hyperelliptic projection. We can assume that 
oo is a branch point. 
Let 



B 



{ai,a2, ■ ■ ■ ,a2g+i} 



be the set of other branch points. Let = {1, 2, • • • , 2^ 
B and rj : S — > ^Z^^/Z^^ be a map defined as follows: 



1} be the index set of 



■q{2i - 1) = 
r?(2z) = 



"0 • 


• 




• 0" 


1 

.2 


1 

2 


• 


• 


"0 • 


• 




• 0" 


1 

.2 


1 

2 


io- 


• 



where the nonzero element of the first row appears in i^^ column. We define t?(oo) 

to be II !! • For any T <Z B, we define the half-integer characteristic as 
• • • ^ 



Let denote the complement of T in B. Note that r^s G Z^^. If we view rjT as 
an element of iZ^^/Z^^ then rjT = t^t"^- Let A denote the symmetric difference 
of sets, that is TAR = {TU R) — {T R). It can be shown that the set of subsets 
of i? is a group under A. We have the following group isomorphism: 



{T C B\#T = g + 1 mod 2}/T - T= 9^ -Z^VZ^f . 



For 7 



e iZ^s/Z^f, we have 



(8) 



It is known that for hyperelliptic curves, 2^~^(23 + 1) ~ C^^^) °f ^^e even theta 
constants are zero. The following theorem provides a condition for the character- 
istics in which theta characteristics become zero. The proof of the theorem can 
be found in 12^. 

Theorem 1. Let X be a hyperelliptic curve, with a set B of branch points. Let S 
be the index set as above and U be the set of all odd values of S . Then for all 
T d S with even cardinality, we have 9[r]T] = if and only if ^{TAU) g + 1, 
where 0[r]T] is the theta constant corresponding to the characteristics rjT- 

When the characteristic 7 is odd, e*(7) = 1. Then from Eq. ([s]) all odd 
theta constants are zero. There is a formula which satisfies half-integer theta 
characteristics for hyperelliptic curves called Frobenius' theta formula. 



Lemma 5 (Frobenius). For all Zi ^ <C^ , 1 < i < 4 such that zi + Z2 + + = 
and for all hi G Q^^, 1 < * < 4 such that foi + 62 + 63 + 64 = 0, we have 



4 



where for any A <Z B, 

eA{k) 



1 if k e A, 
— 1 otherwise. 



Proof See (TTJ pg. 107]. □ 
A relationship between theta constants and the branch points of the hyper- 
eUiptic curve is given by Thomae's formula. 

Lemma 6 (Thomae). For all sets of branch points B = {ai, a2, ■ ■ • , 0^29+1}, there 
is a constant A such that for all T G B, #r is even, 



i<j i<j 



where rjT is a non singular even half-integer characteristic corresponding to the 
subset T of branch points. 



See 11, pg. 128] for the description of A and 11 pg. 120] for the proof. Using 
Thomae's formula and Frobenius' theta identities we express the branch points 
of the hyperelliptic curves in terms of even theta constants. 

1.3. Cyclic Curves and Their Theta Functions 

A cyclic cover X — > is defined to be a Galois cover with cyclic Galois group 
C. We call it a normal cyclic cover of if C is normal in G = Aut{X) where 
Aut{X) is the automorphism group of the curve X. Then G — G/C embeds as a 
finite subgroup of PGL{2, C) and it is called the reduced automorphism group of 
G. 

An affine equation of a cyclic curve can be given by the following: 

s 

= = - "^)'"' - < < m. (9) 

Note that when > for some i the curve is singular. Hyperelliptic curves 
are cyclic curves with m ~ 1. After Thomae, many mathematicians, for exam- 
ple Fuchs, Bolza, Fay, Mumford, et al., gave derivations of Thomae's formula in 
the hyperelliptic case. In 1988 Bershdaski and Radul found a generalization of 
Thomae's formula for curves of the form 



Nm 
i=l 

In 1988 Shiga showed the representation of the Picard modular function by 
theta constants. He considered the algebraic curve in the {x,y) plane which is 
given by 

C{e) : = x{x - ao){x - ai){x - a2) (11) 
where e = [ag, ai, 02] is a parameter on the domain 



A = {e : aoaia2{ao - ai){ao - a2)(ai - 02) 7^ 0}. 
He gave a concrete description of the Picard work [14] . His result can be considered 

g4 

an extension of the classical Jacobi representation A = ^1, where 9i{z, r) indicates 
Jacobi's theta function and 9i is the convention for 9i{0, t), for the elliptic modular 
function A(r) to the special case of genus 3. 

In 1991, Gonzalez Diez studied the moduli spaces parameterizing algebraic 
curves which are Galois covering of with prime order and with given ramifica- 
tion numbers. These curves have equation of the form 

r 

= f{x) = ~ cii)"^^ ; P prime and p \ m^. (12) 

He expresses in terms of functions of the period matrix of the curve. 

Farkas (1996) gave a procedure for calculating the complex numbers which 
appear in the algebraic equation 

k 

= W{x — ai) with p\k (13) 
in terms of the theta functions associated with the Ricmann surface of the alge- 



braic curve defined by the Eq. (13). He used the generalized cross ratio of four 
points according to Gunning. Furthermore he considered the more general prob- 
lem of a branched two-sheeted cover of a given compact Riemann surface and 
obtained the relations between the theta functions on the cover and the theta 
function to the original surface. 

Nakayashiki, in 1997, gave an elementary proof of Thomae's formula for Zjy 
curves which was discovered by Bershadsky and Radul. Enolski and Grava, in 
2006, derived the analogous generalized Thomae's formula for the Zm singular 
curve of the form 

m m 



We summarize all the results in the following theorem. 



Theorem 2. Consider the algebraic curve X : — f{x) defined over the complex 
field C. 

Case 1: //A/ ^ 0, say f{x) = 11^=1 ~ ^i) then, 
i) Ifn\k, say k = mn for some m e N then, 

for an ordered partition A = (Aq, • • • , A„_i) of {1, 2, • • • , nm}, we have 



(„_1)(2„-1) 



i<j 

where hi = j for i G Aj and ca = Ai + 2A2 + • • • + (n — l)A„_i — D — <; is the 
associated divisor class of the partition A, L = { — + !,••• , ^^-^}, 

qe{i) = ^^^+ fraction part of ^ ^+^^ 2 ^ j^gj. £ £ L^c; is Riemann's constant and 
Ca depends on the partition A having the property that for two different partitions 



A and A' 



have C 



2N 
A 



Moreover if n is a prime p, the branch points Aj of the curve = x{x — 
l){x — Xi) ■ ■ ■ {x — Afe-s) can be given by 

^i^i = (A(P/c, Qo, Q17 Qoo))" 

where X{Pk,Qo,Qi,Qoo) = e(e+0QlTp"))fc?0<ro(£!) ' '"^'^^ '^"^ '^^^ 

note the points in the curve corresponding to the points 0, 1, and 00 in respec- 
tively, Pi 's are points in the curve corresponding to the points Aj, Ei is a constant 
depending on the point Pi and (j)p is an injective map from X to C^/G. 

ii) If n\ fc, then, 

if n = 2> and k = 4, then the parameters Ai, A2, A3 can be given as follows: 



Xi=0^ 



A2 = r 



3 6 3 



A3 = r 



s 0' 

2 5 2 

3 6 3. 



Case 2://A/=0, let f{x) = UZoi^ - >'2k+i)UT=ii^ - ^^k)""-^ ■ Then, 



get TT a \ V 

- C27ri)2miV(JV-l) ii [^2i-Mk) 
^ ' l<i<k<m 



Xi 



0<i<k<m 

nie/i,jeJi(Ai - Aj) rTtgjajgja^^^ ~ ^i) ^2(n-i) 
nje/i,fce/2(Ai - Afc) YljeJi,keJ2(^i " ^i) 



where = i^iiAT — 1) X^ig/^ Pi + (Af — 1) X^je /i Pj — D — A) is a nonsingular 
characteristic, Ji C Jo = {2, 4, • • • , 2m + 2} anrf /i C /o = {1, 3, • • • , 2m + 1} 
wii/i I Ji| + = TO + 1 anii /2 = Iq — h, J2 = Jq — Ji — 2m + 2, and A = 
(A'' — 1) X^feLi ■P2/C — Poo is the Riemann divisor of the curve X. 



Proof. For proof of the part i) of case 1, see When n is prime, the proof can 
be found in [i]. The main point of 19^ is to prove part ii) of case 1. The proof of 
case 2 can be found in [3j. □ 

1.3.1. Relations Among Theta Functions for Algebraic Curves with 
Automorphisms 

In this section we develop an algorithm to determine relations among theta func- 
tions of a cyclic curve X with automorphism group Aut(A'). The proof of the 
following lemma can be found in 16 1. 

Lemma 7. Let f be a meromorphic function on X, and let 

m m 



be the divisor defined by f. Take paths from Pq (initial point) to hi and Pq to Ci 

so that Jp^ w = Y.i=i Jp„ ^■ 

For an effective divisor Pi + ■ ■ ■ + Pg, we have 

m) • • • m) = ^ n — 7^ — ^ (15) 

where E is a constant independent of Pi, . . . , Pg, the integrals from Pq to Pi take 
the same paths both in the numerator and in the denominator, A denotes the 

Riemann's constant, and J^' uj — J^' uji, . . . , . 

This lemma gives us a tool that can be used to find branch points in terms 
of theta constants. By considering the meromorphic function f — x on X and 
suitable effective divisors, we can write branch points as ratios of thetanuUs. We 
present some explicit calculations using the Lemma [7] in Chapter 3 and 4. The 
hard part of this 

method is the difficulty of writing complex integrals in terms of characteristics. 

Algorithm 1. Input: A cyclic curve X with automorphism group G, a ^ G such 
that = n, giX") = and (a) < G. 

Output: Relations among the theta functions of X 

Step 1: Let T — G/{a) and pick r G F such that r has the largest order m. 
Step 2: Write the equation of the curve in the form 

y" - /(x") or y« - xfix"'). 

Step 3: Determine the roots Xi, . . . ,Xr of f{x'^) in terms of the theta functions. 
Step 4- Determine relations on theta functions using Grobner basis tech- 
niques. 



For step 3, we can use Lemma [7] If the curve in step 3 falls into one of the 
categories given in Theorem [2j we can use the corresponding equation to invert 
the period map without worrying about the complex integrals. 



2. Genus 2 curves 



Let k be an algebraically closed field of characteristic zero and X he a genus 2 
curve defined over k. Consider a binary sextic, i.e. a homogeneous polynomial 
f{X, Z) in k[X, Z] of degree 6: 



fix, Z) = aeX'^ + a5X^Z- 



aoZ" 



The polynomial functions of the coefficients of a binary sextic f{X, Z) invari- 
ant under linear substitutions in X, Z of determinant one. These invariants were 
worked out by Clebsch and Bolza in the case of zero characteristic and generalized 
by Igusa for any characteristic different from 2. 

Igusa J -invariants {J2i} of f{X, Z) are homogeneous polynomials of degree 
2i in k[ao, . . . , ag], for i = 1,2, 3, 5; see [17| for their definitions. Here Jio is the 
discriminant of f{X, Z). It vanishes if and only if the binary sextic has a multiple 
linear factor. These are invariant under the natural action of SL2{k) on sextics. 
Dividing such an invariant by another invariant with the same degree, gives an 
invariant (eg. absolute invariant) under GL2{k) action. The absolute invariants 
of X are defined in terms of Igusa invariants as follows: 



144 



■^2 



*2 



-1728 



J2 J4 — 3J6 



is := 486 



Two genus 2 fields (resp., curves) in the standard form = f{X, 1) are isomor- 
phic if and only if the corresponding sextics are GL2{k) conjugate. 

2.1. Half Integer Theta Characteristics 

For genus two curve, we have six odd theta characteristics and ten even theta 
characteristics. The following are the sixteen theta characteristics where the first 
ten are even and the last six are odd. For simplicity, we denote them by 9i{z) 

instead of 9i ? (2, t) where i = 1, . . . , 10 for the even functions and i = 11, . . . , 16 



for the odd functions. 

03 (^) = ( 



00 
00 

0" 

io. 



"or 





(z,t-), 
(2,t), 
(2,t), 
(2,t), 



e&{z) 

Ob{z) 
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^02 


1 1 

2 2. 
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oi 






= 0e 


.0 -2. 

"1 1" 
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{z,r) 
iz,r) 
{z,r) 
iz,r) 



= Cll 
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— Pis 



^0. 
Oh 
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1 1 



dioiz) ■ 

Ol2{z) 



710 



— Pl2 
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1 1 

f ! 

2 2 
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2 2 
n 1 



iz,r) 
{z,r) 



Remark 2. All the possible half-integer characteristics except the zero character- 
istic can be obtained as the sum of not more than 2 characteristics chosen from 
the following 5 characteristics: 
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1 1 
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oi 



The sum of all 5 characteristics in the set determines the zero characteristic. 

Take a = g — r — 0. Then a Gopel group G contains four elements. The 
number of such Gopel groups is 15. Let G = {0, rrii, m2, mim2} be a Gopel group 
of even characteristics (we have six such groups). Let bi, b2, bib2 be the charac- 
teristics such that the G, biG, b2G, bib2G are all the cosets of the group G. Then 
each of the systems other than G contains two odd characteristics and two even 
characteristics. Consider equations given by Eq. ^ and Eq. ([7|. If () denotes any 
one of the 3 characteristics mi, m2, mim2, then we have 6 possible characteristics 
for e, which satisfy |e, f)| = |[}| = 0. They are 0,n, b, f),nf), bf) where n is a charac- 
teristic in the Gopel group other than (), and b is an even characteristic chosen 
from one of the systems biG, b2G, bib2G. The following three cases illustrate the 
possible values for characteristic f) and for characteristic e. Without loss of gen- 
erality, we can take only three values for e which give rise to different terms on 
the right hand side of Eq. ^ and Eq. 
Case 1: t) — mi- 

Take e e {0, m2, bi} and take a — bi. Then from Eq. ([6| and Eq. ([t]) we have 



) [0]e^ [mi] + e'^^l "1""^ I ( ] [m2]9^ [mim2] - 9^ [bi]e^ [bimi] = 0, 
bi/ V''i'^2/ 

-|faim.|^^4j^^j + 04[m2mi]] - [9^[bi] + 9^[bimi]] = 0. 



9*[0]+9*[mi] 



Case 2: i) — m2. 

Take e G {0, mi, b2} and take a = b2. Then from Eq. ^ and Eq. ^ we have 



b2mi 



'[0] 



9^[m2] + eP"l''^'^^l[04[mi] + ^^[mima]] - [^^[bz] + 0*[b2m2]] = 0. 



Case 3: f) = mim2. 

Take e € {0,mi, bib2} and take o = bib2. Then from Eq. ^ and Eq. Q we 
have 



„)9ii|bib2mi| 



Tnitn2 
bib2mi 



bib2 

02[bib2]e'[bib2mim2] =0, 

0^[O] + ^^[mima] + e^"!^!^^"^!! [^^[mi] + ^^[mz]] - [^^[bibs] + ^^[bibsmima]] = 0. 

The identities above express the even theta constants in terms of four theta con- 
stants; therefore, we may call them fundamental theta constants, 

2.2. Identities of Theta Constants 



We have only six Gopel groups such that all characteristics are even. The following 
are such Gopel groups and corresponding identities of theta constants. 



i) G 
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is a Gopel group. 



then the corresponding Gopel systems are given 
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Notice that from all four cosets, only G has all even characteristics as noticed 
in Corollary [I] Using Eq. ^ and Eq. ([t]), we have the following six identities 
for the above Gopel group: 
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These identities express even theta constants in terms of four theta con- 
stants. We call them fundamental theta constants di, 62, ds, O4. Following 
the same procedure, we can find similar identities for each possible Gopel 



group, 
ii) G = <! 



If bi 

by the following: 



G = 
biG = 



00 







00 


,mi = 


io. 


"0 0' 
io. 


,62= [ 
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05. 
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, inim2 = 
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is a Gopel group, 
then the corresponding Gopel systems are given 
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We have the following six identities for the above Gopel group: 



01 



t'l + ^2 - f's ~ "10) 

/)4 /)4 /)4 I /)4 

0\^9, - ^'2^10' 
^4 a4 I /34 z)4 



iii) G ■■ 
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Ifbi= ?? ,b2 

L2 2. 
by the following: 



1 1' 
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is a Gopel group. 



then the corresponding Gopel systems are given 
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00 









Oi 







i 

2 


GO 






5 







1 

9. 








1 1 

2 2. 

1 1 

2 2 





1 1 

!! 

2 2. 







1 1 

2 2 
1 



2 2 







io 




1 1 

2 2 

i. 



2 2 





Oi 




.oi 




-iol 




io 








.0 i 



We have the following six identities for the above Gopel group: 







o^ + oi 


ni 1 q4 ni zj4 


olel 


a2n2 n2(i2 
— UiV-i — (73(79. 




- 6/^ - 6/3 + 6/7 - 6/9 , 


ot + et 




/)2/j2 , /j2/i2 


, ^6 + ^10 


n4 ni ni 1 ni 

— Oi - - + Wg. 



iv) G 
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If bi = 
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by the following: 
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is a Gopel group. 



then the corresponding Gopel systems are given 
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We have the following six identities for the above Gopel group: 
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= eloi - ell 
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i4 /i4 I ai qA 
1 - 6/4 + 6/5 - Wg, 

/)2/j2 , /j2/)2 



v) G = |o = 
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^0 



by the following: 
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G = 
biG = 



, mim2 = ^ is a Gopel group, 

then the corresponding Gopel systems are given 
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We have the following six identities for the above Gopel group: 
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vi) G 
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by the following: 
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is a Gopel group, 
then the corresponding Gopel systems are given 
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We have the following six identities for the above Gopel group: 



■ fl2/)2 
^2^3 

a2o2 

09010 



10 



9101-0101 

94 + 04 _ 04 _ 04^ 

■'it's ~ f'4f'6> 

94 _ 04 + 04 _ 04^ 

/l2/j2 , /)2fl2 



From now on, we consider 0i, 02, 03, and 04 as the fundamental theta constants. 



2.3. Inverting the Moduli Map 



Let Ai, i = l,...,n, be branch points of the genus g smooth curve X. Then 
the moduh map is a map from the configuration space A of ordered n distinct 
points on to the Siegel upper half space ^)g. In this section, we determine 
the branch points of genus 2 curves as functions of theta characteristics. The 
following lemma describes these relations using Thomae's formula. The identities 
are known as Picard's formulas. We will formulate a somewhat different proof for 
Picard's lemma. 

Lemma 8 (Picard). Let a genus 2 curve be given by 

Y'^=X{X-l){X-X){X-fi){X-iy). (16) 
Then, A, fi, v can be written as follows: 

/j2/)2 fl2/)2 fl2/)2 

^ a2n2' a2a2 ' ^2^10' 



^2 "4 "^4 "^10 



Proof. There are several ways to relate A, ^, v to theta constants, depending on 
the ordering of the branch points of the curve. Let B = {z/, /i. A, 1, 0} be the 
branch points of the curve in this order and U = {v, A, 0} be the set of odd branch 
points. Using Lemma|6j we have the following set of equations of theta constants 
and branch points: 

e\ = A v\{^i A), el^A nifi - - A), 

ej = -A^iXifi- X), ej = -Ai^{i^- \){fi~ \), 

9| = AX^li:.-l){l^-^l), 9t = -A{,y-fi)i,.-X){t,-X), (18) 

6i| = -Afi{iy - 1)(A - l)(i^ - A), = -Aniy{u - fi){X - 1), 
91 = A iy{^i - 1)(A - - A), 0fo - ~AX{X ~ l)(i/ - fi) 



where j4 is a constant. By choosing appropriate equations from the set Eq. (18 1 
we have the following: 



x2 _ I t^i^y 2 _ f „2 _ f ^1^^ 



an2 
2'^10 



Each value for (A, /i, i') gives isomorphic genus 2 curves. Hence, we can choose 



/)2/)2 fl2/)2 fl2fl2 

^^2^4 ''4'^10 ^2^W 



This completes the proof. □ 



2.^. Automorphism Groups of Curves 



Let X he a genus 2 curve defined over an algebraically closed field k of character- 
istic zero. We denote its function field by K := k{X) and Aut(X) — Aut{K/k) 
is the automorphism group of X . In any characteristic different from 2, the auto- 
morphism group Aut{X) is isomorphic to one of the groups given by the following 
lemma. 

Lemma 9. The automorphism group G of a genus 2 curve X in characteristic ^ 2 
is isomorphic to C2, Cio, V4, D^, D12, C3 x Dg, GL2(3), or 2+6*5. The case 
G^2~^Sz occurs only in characteristic 5. If G = 'L^ xi (resp., GL2{3)), then 
X has equation ^ - 1 (resp., = X{X* - I)). IfG^Gw, then X has 
equation Y"^ = X^ - X . 



For the proof of the above lemma and the description of each group see 17 
For the rest of this chapter, we assume that char{k) = 0. One of the main goals 
of Section 2.4 is to describe each locus of genus 2 curves with fixed automorphism 
group in terms of the fundamental theta constants. We have the following lemma. 

Lemma 10. Every genus two curve can he written in the form: 



'j^ — x{x — 1) 



^2 (^i 



ax 



92/92 " 



whe 



— can he given in terms of 
"10 



and 



a 



a + l = 0. 



Furthermore, if a — ±1 then V4 ^ Aut{X). 

Proof. Let us write the genus 2 curve in the following form: 

y2 = x{x - i){x - x){x - ^i){x - v) 



where A, /i, v are given by Eq. (17). Let a :— Then, 



Using the following two identities. 





o4 _ 
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1' 
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^4, 



(19) 



we have 



a 



a + 1 = 0. 



(20) 



If a = ±1 then fii^ = A. It is well known that this implies that the genus 2 curve 
has an elliptic involution. Hence, V4 ^ Aut(X). 

□ 



Remark 3. i) From the above we have that 9g = Of^ implies that V4 ^ Aut(X) 



Lemma 11 determines a necessary and equivalent statement when V4 =—7- Aut{X). 

ii) The last part of Lemma 2.4 shows that if 0^ — O^q, then all coefficients of 
the genus 2 curve are given as rational functions of the four fundamental theta 
functions. Such fundamental theta functions determine the field of moduli of the 
given curve. Hence, the curve is defined over its field of moduli. 

Corollary 2. Let X be a genus 2 curve which has an elliptic involution. Then X 
is defined over its field of moduli. 

This was the main result of [5]. 

2.5. Describing the Locus of Genus Two Curves with Fixed Automorphism 
Group by Theta Constants 

The locus £2 of genus 2 curves X which have an elliptic involution is a closed 
subvariety of 7^2- Let W — {ai, 02, /32, 7i, 72} be the set of roots of the binary 
sextic, and A and B be subsets of W such that W = AU B and | A n -B| = 2. We 
define the cross ratio of the two pairs zi, Z2; ^3, -24 by 

zi;z3,Z4 Z1-Z3 Z2-Z3 
{zi,Z2;z3,Z4) = = : . 

Z2',Z3,Z4 Zl — Z2 — 24 

Take A — {ai, a2, /3i, /32} and B = {71, 72, /?!, /32}- Jacobi [s] gives a description 
of £2 hi terms of the cross ratios of the elements of W: 

ai - Pi Q!2 - I3i 71 - /3i 72 - /3i 



ai - (52 OL2- 1^2 71 ~ ^2 72 - 1^2 
We recall that the following identities hold for cross ratios: 

(ai,Q!2 = (a2,ai;^2,/3i) = (/3i, /32; ai, ^2) = (/32, /^i; ^2, ai) 

and 

(ai,a2;oo,^2) = (oo,/32;ai,a2) = (/32;a2,ai). 

Next, we use this result to determine relations among theta functions for a genus 
2 curve in the locus £2- Let X be any genus 2 curve given by the equation 

= X{X -1){X- ai){X - a2){X ~ 03). 

We take 00 e A B. Then there are five cases for a E A D B, where a is an 
element of the set {0, 1, oi, 02, 03}. For each of these cases there are three possible 
relationships for cross ratios as described below: 
i) An B = {0,00}: The possible cross ratios are 



(ai, 1; oo, 0) = (03, 02; 00, 0), (02, 1; 00, 0) = (oi, 03; 00, 0), 

(ai, 1; 00, 0) = (a2, 03; cxd, 0). 

ii) Ad B = {1,00}: The possible cross ratios are 
(ai,0;oo,l) = (a2,a3;c>o, 1), (ai,0;oo, 1) = (a3, 02; 00, 1), 

(a2, 0; 00, 1) = (ai, 03; 00, 1). 

iii) Ar\ B = {ai, 00}: The possible cross ratios are 

(1, 0; 00, ai) = (03, 02; 00, ai), (02, 0; 00, ai) = (1, 03; 00, ai), 

(1, 0; 00, ai) = (02, 03; cxD, ai). 

iv) A n B = {a2, 00}: The possible cross ratios are 

(1, 0; 00, 02) = (ai, as; 00, 02), (1, 0; 00, 02) = (03, av, 00, 02), 

(oi, 0; 00. 02) = (1, as; 00, 02). 

v) j4 n -B = {03, 00}: The possible cross ratios arc 

(ai, 0; 00, as) = (1, 02; 00, 03), (1, 0; 00, 03) = (02, ai; 00, 03), 

(1, 0; 00, 03) = (ai, 02; 00, 03). 

We summarize these relationships in Table 2.1. 

Lemma 11. Let X be a genus 2 curve. Then Aut{X) = ¥4, if and only if the theta 
functions of X satisfy 



(O'^ fl4\//)4 /)4\//)4 /)4 \/ /i2/j2/j2/)2 nl (fl ffi n2 .niffin^ .rflnAffl \ 



(21) 



(f\2n2n2f\2 /}2/)4/i2 , n2f\2f\2n2 /i4/)2/i2 \( /i4/}2/)2 , r\2n2n2 n2 
(tlstlgt>2^4: - ^2^i^W + ^l^^^i^W ^ ^i^2^w)y^^»^Z^2 + ^&^2^W^i 

I n2n2n2n2 n2n2riA \{ /i2/i4/i2 /}2/)4 /i2 | /}2/)2/i2 /)2 , n2f\2n2r\2 \ 
+^1 ^3^8^10 - ^?,^2^W)K-^l^S^i - ^l^W^i + ^8^2^10'^4 + '^l^s'^B^loJ 

/ n2(\2n2r\2 , a2 n2 /}4 , /i2/i4/i2 /i2/i2/)2 /j2\/ n2r\2f\2f\2 , /l4/i2 /i2 

n2a2n2n2 _i_aia2a2\( fl4/)2/)2 , fl2/i2/j2 fl2 fl2/j4 /i2 , /i2/j2/)2/)2 \ 

/'fl4/)2/)2 /)2/)2/)2/)2 (flcp.a'^a2 , a2(\A(fi\i nAffltfl /)2/)2/)2/)2 

/)2/)2/)2/)2 I fl2/)2/)4\//)2/)4/)2 cfi ffi cfl (fi ^ ffl ifi ifilfia'^tfi \ 

(n2a2aA /)2/)2/)2/)2 , (\2aA(\2 /)2/)2/)2/)2-, _ r, 
^^1^8(^4 - {71(73(74^10 + (71(73(73 - (73(78(72C'4j — 

However, we are unable to determine a similar result for cases £>§ or Z)i2 by 
this argument. Instead, wc will use the invariants of genus 2 ciirvcs and a more 
computational approach. In the process, we will offer a different proof for the 
lemma above. 



Table 1. Relation of theta functions and cross ratios 





Cross ratio 


/(oi,02,a3) = 


theta constants 


1 
± 


(1, 0; oo, ai) = (as, 02; 00, ai) 


0102 "t* 01 — 0301 — 02 


alnlffiol olalnlfp. 1 
-t)j^tl^tlgtl2 - Plf2''4''lO + 
/)4/i2/)2 1 /)2/)4/)2 


9 


(a2,0; 00,01) = (l,a3;oo,ai) 


0102 — 01 0301 — 0302 


/i2/i2/)2/i2 /i2fl4/i2 i 
0^t>gtl2tl^ - y2''4''l0 + 

a2n202n2 _ fl4/|2n2 


3 


(1, 0; 00, ai) = (02, 03; 00, ai) 


0102 — 01 — 0301 + 03 


/)4fl2/32 I /)2/)2o2 n2j_ 
-(igtl^t)2 +t'8''2*'l0*'4 + 


4 


(1, 0; 00, 02) = (ai, 03; 00, 02) 


01 02 — 02 — 0302 + 03 




5 


(1,0; 00, 02) = (03,01; 00, 02) 


01 02 — 01 + 02 — 0302 


fl2/|4/)2 z)2o2/)2 o2 
*'lf'3''l0 ~ ''3''2''l0''i 


6 


(01, 0; 00, 02) = (1,03; 00, 02) 


01 02 — 0301 — 02 + 0302 


n2n2n2n2 i /)4/)2 r,2 
/)2/)2/)2/i2 1 /)4/i2/)2 

yj^y.^yj&iQ + ^2 6^4 ''10 


7 


(01, 0; 00, 03) = (l,02;oo,a3) 


01 02 — 0301 — 0302 + 03 


/)4fl2fl2 j_a2a2a2 a2 
-f8"2'^4, + flt'8''lo''4~ 

''2 "10 "4 + ''Z<^s''2''l0 


8 


(1,0; 00, 03) = (02, 01; 00, 03) 


0301 — 01 — 0302 + 03 


fl4 

''8 - ''10 


9 


(1,0; 00, 03) = (01, 02; 00, 03) 


0301 + 02 — 03 — 0302 


/)4/)2/)2 /)2/)2/)2/)2 
6'l^3^8'^2 + '^8 6^2 ^4 


10 


(oi,0;oo, 1) = (02, 03; 00, 1) 


—01 + 0301 +02 — 03 


/i4/)2/)2 /)2fl2/)2fl2 
''l''3''8 ~ ''l''8''2"i- 
/)2o2/)2/)2 _i_/g2/)2fl4 
yjygyjt'lO +t'3*'8*'2 


11 


(01, 0; 00, 1) = (03, 02; 00, 1) 


0102 — 01 — 02+03 


a2z)4n2 fl2a2fl2 fl2 i 
''l''8''3 ~ ''l''8''l0''4 + 

/)2/i2/i4 fl2/)2/)2/)2 
^1 ^3*^10 - ^3^8''2^10 


12 


(02, 0; 00,1) = (ai,03;oo, 1) 


01 — 02 + 0302 — 03 


/)2/)2/)4 n2n2n2n2 , 
/)2o4/i2 n2p2n2rj2 


13 


(01, 1; 00,0) = (03, 02; 00,0) 


0102 — 03 


/)4 fl4 
'^8 - '^10 


14 


(02, 1; 00,0) = (01,03; 00,0) 


01 — 0302 




15 


(01, 1; 00,0) = (02, 03; 00,0) 


0301 — 02 





Lemma 12. T/ie Zocms £2 of genus 2 curves X which have a degree 2 elliptic 
subcover is a closed subvariety of M.2- The equation of Li is given by 

8748Jio J| J| - 507384000Ji^o'^4'^2 - 19245600Jfo J4 J| - 6912j| 
-592272Jio J| J| + 77436J10 J| J| - 34992OOJ10 J2 Jl + 474336OJ10 J| J2 Je 
-870912Jio J| J| Je + 3090960Jio J4 J| Je - 78J| j| - 125971200000Jfo 
+ 1332J| J| Jg + 384J| Jg + 41472Jio J| + 159J| J| 
-47952J2 J4J6 + 10497600071^0 72^6 - 1728^72^6 + 60484 J2JI 



-9331200Jio J4 Jg - JlJt + 12^2 ^4-^6 + 29376J2VI J| - 8910J| J| 

- 2099520000 Ji2oJ4J6 + 31104j| - 5832Jio J| J4 Je " 54j| (22) 
-236196JJo>^2 - 80JJ J2 + 108J| J4 J| + 972Jio J2 J| =0. 

iij T/ie /ocMS of genus 2 curves X with Aut{X) = is given by the equation 
of £2 and 

1706J| J| + 2560J| + 27J4 J2 - 81J| Je - 14880J2 J4 Je + 28800J| = 0. (23) 

Hi) The locus of genus 2 curves X with Aut{X) = D12 is 

-JiJ^ + UJlJe - 52J| J| + 80J| + 96OJ2 J4 Je - 3600J| = 0, 
864Jio J| + 3456OOOJ10 J| J2 - 432OOJ10 J4 J| - 2332800000Jfo (24) 
-JiJ2 ~ 768JUi + 48 J|J| + 4096 J| = 0. 

Our goal is to express each of the above loci in terms of the theta characteristics. 
We obtain the following result. 

Theorem 3. Let X be a genus 2 curve. Then the following hold: 



i) Aut{X) ^ V4 if and only if the relations of theta functions given Eq. (21 ) 
holds. 

ii) Aut(X) = Dg, if and only if the Eq. I in [181 is satisfied. 

Hi) Aut{X) ^ D12 if and only if the Eq. II and Eq. Ill in are satisfied. 



Proof. Part i) of the theorem is Lemma 11 Here we give a somewhat different 
proof. Assume that A" is a genus 2 curve with equation 

y2 ^ X{X - 1){X - ai)(X - a2){X - ag) 



whose classical invariants satisfy Eq. (12 1. Expressing the classical invariants of 
X in terms of 01,02,03, substituting them into (12 1, and factoring the resulting 
equation yields 



(0102 - 03)^(01 - 0302)^(0301 - 02)^(0102 - 02 - 03O2 + 03)^ 
(0301 + 02 — 03 - a302)^(— oi + 0301 + 02 — 03)^(0102 — oi — 02 + 03)^ 
(01O2 — oi + 0301 — 0302)^(0102 — 0301 — 0302 + 03)^ 

(25) 

(0301 - Oi - 0302 + 03)^(0102 + oi - 0301 - 02)^ 

(01O2 - Ol - 0301 + 03)^(0102 - Oi + 02 - 0302)^ 

(oi — 02 + 03O2 — 03)^(0102 — 0301 — 02 + 0302)^ ~ 0. 

It is no surprise that we get the 15 factors of Table 2.1. The relations of theta 
constants follow from Table 2.1. 



ii) Let A" be a genus 2 curve which has an elUptic involution. Then X is 
isomorphic to a curve with the equation 



y2 = x{X - 1){X - ai)(X - a2)(X - aiaa) 



If A^xl{X)= then the 5*272 (fc)-invariants of such curve must satisfy Eq. (23). 
Then, we get the equation in terms of oi and 02. By writing the relation 03 — aia2 
in terms of theta constants, we get 0\ = All the results above lead to part ii) 
of the theorem, iii) The proof of this part is similar to part ii). □ 

We express the conditions of the previous lemma in terms of the fundamental 
theta constants only. 

Lemma 13. Let X he a genus 2 curve. Then we have the following: 

i) Aut{X) if and only if the fundamental theta constants of X satisfy 

{-el + el + el- el){el - el + el~ el){-el - el + el + el) 
{9l + el + 9l + 9l){9^W + e3%^ + e,%^ -29\elelel) (26) 



//J 4/1 4 /)4/)4 /)4/)4,r, n2r,2ri2n2\ /-/) 4/) 4 , /j 4/) 4 , /j 4/) 4 
y — U'i (72 — f 2 t'4 ^ fa C'4 + ^ fit'2t'3(74j (^(72 W4 +(71 (72 +(71 (74 

-2el9lelel) {ei'^e^^ + e^^^e^^ + ei'^e^^^ ~2elelel9l) =o. 

ii) ^ Aut{X) if and only if the fundamental theta constants of X satisfy 
Eq.(3) m 

iii) Dq ^ Aut{X) if and only if the fundamental theta constants of X satisfy 
Eq.(4) m 



Proof. Notice that Eq. (21) contains only 0i, 02, ^'s, ^4, ^'s and 6*10. Using Eq. (19) 



we can eliminate flg a-nd 0io from Eq. (21). The Jio invariant of any genus two 



curve is given by the following in terms of theta constants: 



3l2/)12 



T 13 {n2n2 n2 (\2\\2 ( r,2 (\2 /)2/i2\12//)2/i2 (\2 n2\\2 

"'lo - g285)28g4o v^i^a ^ej^^^) [eiO^-u^y^) (t^it^s - t^2e4) ■ 

Since Jio ^ 0, the factors {eje^ - 9l9l), {9l9l - 9191) and {elel - elel) cancel in 
the equation of the V4 locus. The result follows from Theorem [3j The proof of 
part ii) and iii) is similar and we avoid details. □ 

Remark 4. For part ii) and iii), the equations are lengthy and we don't show them 
here. But by using the extra conditions e\ = el or 0| — —el, we could simplify 
the equation of the locus as follows: 
i)When e\ = 91, we have 



-2 01^92^ + e3*){-2 02* -03^ + 2 ei^92^){~l0 9i%^^93^ 
+206 9i'^92'^93^^ +8 91^02^^ - 346*1^612*61312 - 126 9i^92^93^^ 
+I8 9i^92^°93^^ + 27 01^93^^ - l?,29i^92^93^ - M9i'92^93^'^ 
-\Q9i^93^02^'^ - 16 6*1^6121%^ - 126 6ii^6i226i3i^ + 24 6ii^6'2^6'3i2 
+68 6ii^6'2i°6i3* - 246I1I26I2I2 + 8 6i2*6iii^ - 10 6iii26'3*6'2'' 
-16 6iii26'3'*6i2* + 88 6iii"6'3''6i2i° + I8 9i^°02'^03^'^ + 68 6'ii°6'3*6'2^ 

+27 6i2*6'3i^ - 16 01 1^6*2^613'') =0. 

a) When 0\ — —03, we have 

{9t - 9t){93^ + 0i'02')(-02' + - 2 03')(-02' + 01^ + 2 03') 
(6I3* + 2 6ii26i22 + 2 6ii'')(2 6i2'' + 6I3'' + 2 6ii26i22)(206 6'i'i6i2*6'3i'^ 
-10 6'i^6i2i26'3* + 27 02^93^^ - M0i^02^03^'^ + 126 6'i26i2^6'3i'^ 

1 C /3 2/3 10/3 12 /3 1*^/3 ^/3 ^ 1 Q /3 1 07/3 '^/3 

— iO PI (72 1/3 — Oo i/i 1/3 1/2 + O i/x t72 -r < (71 (73 

-132 6ii*^6'2*6'3* - 346'i*6i2''6i3i2 - 16 6'i*6i3*6i2i2 + 16 6ii^6i2i^6'3'i 
+126 6ii'^6'226'3i^ - 24 6I1 ^6*2^613 12 - 68 6'i^6i2i''6'3* - 24.0i^'^02^'^ 

+ 16 0ll^02'e3' - lO0il203'e2^ - 16 0il203'e2' - 88 0il°03'e2'° 

-186iii"6i226'3i2 +86i2*^6iii^) =0. 

Define the fohowing as 



A={7)\ B^C)\ C=C)\ D=Cl)\ E=C-^)\ 



Using the two identities given by Eq. (19 1, we have 



1 + A- B - C - D - E = Q, 
-2 DBA + 2 BCA + C^B^ - 2 DECB + D^E^ = 0. 



Then we formulate the following lemma. 



Lemma 14. Let X be a genus 2 curve. Then V4 Aut{X) if and only if the theta 
constants of X satisfy 



{B - A){A -C){B- C)(l - A){1 - B){\ ~ C)(l - 2 C + 2 A + A^C"^ 
-ADE - AC -2 A^BC + 2 ADEBC + AB^ + DEBC + ADEB - A^ 
+4 ABC - 2 AB^C"^ - A^B + ADE - B'^C^ - 2 BC^ + B^C){-DEBC (29) 
-4 ABC + B^C^ +AC + AB^C - ADEB + + A^C + ABC^ 
-DEC - 2 ADEC - A^C^ - A^BC - AC^ - ADE) =0. 



3. Genus 3 curves 



3.1. Introduction to Genus 3 Curves 



In this section, we focus on genus 3 cyclic curves. The locus £3 of genus 3 hy- 
perelliptic curves with extra involutions is a 3-dimensional subvariety of "H^. If 
A" G £3 then V4 ^ Aut{X). The normal form of the hyperelliptic genus 3 curve 
is given by 

=x^ + a:>,X^ + a2x'^ + aix^ + 1 

and the dihedral invariants of Xj, are ui — a\ + a|, 1*2 = {a\ + o.\)0'2j ^^3 = 2aia3. 
The description of the locus of genus 3 hyperelliptic curves in terms of dihedral 
invariants or classical invariants is given in \7 . We would like to describe the locus 
of genus 3 hyperelliptic curves with extra involutions and all its sub loci in terms 
of theta functions. 

The list of groups that occur as automorphism groups of genus 3 curves has 
been computed by many authors. We denote the following groups by Gi and G2'. 

Gi = {x, xyxy'^), G2 ^ {x, y\x^, y"*, {xyf, {x~^yf). 



In Table 2, we list all possible hyperelliptic genus 3 algebraic curves; see 10 for 
details. In this case Aut(A') has a central subgroup C of order 2 such that the 
genus of A-^ is zero. In the second column of the table, the groups which occur as 
full automorphism groups are given, and the third column indicates the reduced 
automorphism group for each case. The dimension 5 of the locus and the equation 
of the curve are given in the next two columns. The last column is the GAP 
identity of each group in the library of small groups in GAP. Note that C2 , C4 
and Ci4 are the only groups which don't have extra involutions. Thus, curves 
with automorphism group C2 , C4 or C14 do not belong to the locus £3 of genus 
3 hyperelliptic curves with extra involutions. 

In Table 3, we list the automorphism groups of genus 3 nonhyperelliptic 
curves. In the table, the second column represents the normal cyclic subgroup C 
such that g{X^) = 0. For the last 3 cases in the table, the automorphism groups 
of the curves are not normal homocyclic covers of . The only cyclic curves are 
curves with automorphism groups C4 x S'3, C3, Ce, Cg and two other groups given 
by (16, 13) and (48, 33) in GAP identity. In this chapter we write the equations 
of the cyclic curves of genus 3 by using theta constants. 



Table 2. Genus 3 hyperelliptic curves and their automorphisms 





Jr\ LI b I 


Ant (■ X\ 




ctjudtJoii y — J \ju 1 


Id. 


1 


C2 


{1} 


5 


x(x - l){x^ + ax'^ + bx^ + cx'^ + dx + e) 


(2,1) 


2 


Ch X Ch 




3 


x^ + asx^ + a2X* + aix"^ + 1 


(4,2) 


3 


Ca 


Ca 


2 


x{x^ - l){x^ + ax'^ + b) 


(4,1) 


4 


Cl4 


Ct 





x"^ -1 


(14,2) 


5 


cl 


D4 


2 


(i;4 + aa;2 + l)(x4 + te2 + l) 


(8,5) 


6 


C2 X 




1 


x^ + ax* + 1 


(16,11) 


7 


C2 X Ca 


D4 


1 


{x^ - l){x^ + ax^ + 1) 


(8,2) 


8 


Dv2 




1 


x{x^ + ax^ + 1) 


(12,4) 


9 


Gi 


Dl2 





a;(a;6 - 1) 


(24,5) 


10 


G2 


Did 





x^-l 


(32,9) 


11 


C2 X ,S4 


Si 





,X** + ll.T^ + 1 


(48. 48) 



Table 3. Genus 3 non hypereUiptic curves and their automorphisms 



# 


Aut{X) 


C 


A«t(A^)/C 


equation 


Id. 


1 


Vi 


Vi 


{1} 


x'^ + y'^ + ax'^'ip + bx'^ + cy"^ + 1 = G 


(4,2) 


2 


Da 


V4 


C2 


take b = c 


(8,3) 


3 


S4 


Vi 


S3 


take a = 6 = c 


(24,12) 


4 




Vi 


S4 


take a = f) = c = or?/*= x{x'^ — 1) 


(96,64) 


5 


16 


Ci 


Vi 


2/* = x{x — l){x — t) 


(16,13) 


6 


48 


Ca 




2/4 = a;3 - 1 


(48,33) 


7 


Cg 


Cg 


{1} 


2/3 = x{x — l){x — s)(x — t) 


(3,1) 


8 


Ce 


Cg 




take s = I — t 


(6,2) 


9 


C<j 


Cg 


Cg 


2/3 = x{x^ — 1) 


(9,1) 


10 


^3(2) 






x^y + y^z + z^x = 


(168,42) 


11 


Sg 






a(a;* + ?/'' + z") + b{x'^y'^ + x^z^ + y^z'^)+ 


(6,1) 










c{x'^yz + y'^xz + z'^xy) = 




12 


C2 






X* + a;2(?/2 -1- az^) + by'^ + cy^z + dy'^z'^ 


(2,1) 










+eyz'^ + gz** = 0, either e = 1 or g = 1 





Figure [TJdescribes the inclusions among all subloci for genus 3 curves. In order 
to study such inclusions, the lattice of the list of automorphism groups of genus 3 
curves needs to be determined. Let's consider the locus of the hyperelliptic curve 
whose automorphism group is V4 = {1, a, /3, a/3}. Suppose a is the hyperelliptic 
involution. Since the hyperelliptic involution is unique, the genus of the quotient 
curve X'^^^ is 1. Also we have (a) = C2 ^ V4 and {(3) = C2 ^ V4. Therefore the 
locus of the hyperelliptic curve with automorphism group V4 can be embedded 
into two different loci with automorphism group C2. One comes from a curve 
that has hyperelliptic involution and the other comes from a curve which does 
not have hyperelliptic involution. Similarly we can describe the inclusions of each 
locus. The lattice of the automorphism groups for genus 3 curves is given Figure 
1. 



3.2. Theta Functions for Hyperelliptic Curves 



For genus three hyperelliptic curves, we have 28 odd theta characteristics and 36 
even theta characteristics. The following shows the corresponding characteristics 
for each theta function. The first 36 are for the even functions and the last 28 
are for the odd functions. For simplicity, we denote them by 9i{z) instead of 

^ (z, t) where i = 1, . . . , 36 for the even functions and i — 37, . . . , 64 for the 



odd functions. 

9i{z 

9r{z 

Oiiiz 
Oi3{z 
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000 

1 1 1 

2 2 2 



h 0" 
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2 

1 1' 

2 2 





00 

00 i 



i ! 

2 2 
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1 i 
i i' 
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2 2. 

0' 
n 1 1 



iz,r), 

iz,T), 

iz,r), 
{z,t), 
iz,r), 
{z,t), 



02 W = 0: 
0i{z)^l 

0w{z) = 
ei2{z) = 
eu{z) = 
Omiz) = 
Oisiz) = 



i il 
I 1 I 
222. 

0' 

1 

2 

1 1 



'10 



^00 


66 i 

i 

lO^O 

i 0' 

00 



714 



716 
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III 

2^2 

\ 0" 



i 

1 i 

L2 " 2 

00 i 

00 



{z.r) 
iz,r) 
iz,r) 
{z,r) 
iz,r) 
iz,r) 
{z,r) 
{z,t) 
{z,r) 



Dimension 
of Loci 




Figure 1. Inclusions among tiie loci for genus 3 curves with automorphisms. 
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i 

i \ 1 

.2 2 2. 




020{Z) = 


O2O 


e2i{z) = 


^21 


0" 
"1 1 1" 




^22 (^) = ( 


?22 


023{Z) = 


623 


2 2 2 

i i 

.2 2 


{z,t), 


02i{z) = 


^24 



i 
i 



1 





Oi 



i i 

2^2 

i i 
2^2 



— C25 



727 



= ^29 



731 



— ^33 
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— 1^37 



= ^39 
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= C47 
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in 
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1 1 n 
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— P59 
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2^2 

00 i 

1 i 0" 
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I 00 

i i" 

2^2 

i i 
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"22 

i i' 

1 i 

2 2 
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{z,t), 

{z,t), 

(Z^T-), 

{z,r), 
{z,t), 
(z^t), 
{z,r), 
{z,t), 
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{z,r), 
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026{Z) 
02S{Z) 
030{Z) 
032{z) 
034{Z) 
036{Z) 
038{Z) 
0AO{Z) 
6i2{z) 
OiA{z) 

04S{Z) 
050{Z) 
052iz) 

e^z) 

056iz) 
058{Z) 

Oeoiz) 

062{Z) 
06i{z) 



26 



728 





111 

2 2 2. 

oof 

1 i 
22". 



= 6*30 



1 1 

!! 

2 2 



732 



= 6: 



34 



736 



— ^38 



= e. 



40 



742 



= ^44 



^46 



= e. 



48 



750 



752 



754 



56 



758 



760 



62 



764 
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ioo 

0' 

1 i 
2 " 2. 

i i 0' 
22" 
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1 ?0 
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2 2 2 
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5 0" 
111 
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{z,i 
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(Z,7 
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(2,7 

(z, T 
(^,7 

{z, 

{z,T 

{z,i 



(Z,7 
(2, 



Remark 5. Each half-integer characteristic other than the zero characteristic can 
be formed as a sum of not more than 3 of the following seven characteristics: 



i 0' 

loo 



i 
- i 



i i 0' 
22" 

o|o 

0^0 
ill 

2 2 2 



111 
2 2 2 

ooi 



1 i 

2 Y 2 

i - 
"22 



>t 

iO^ 

2^2 



r/ie sum 0/ all characteristics of the above set gives the zero characteristic. The 
sums of three characteristics give the rest of the 35 even characteristics and the 
sums of two characteristics give 21 odd characteristics. 

It can be shown that one of the even theta constants is zero. Let's pick 
S = {1,2,3,4,5,6,7} and U ^ {1,3,5,7}. Let T =U. Then By Theorem [l]the 

theta constant corresponding to the characteristic = 



222 
i i 

2^2 



is zero. That is 



612 — 0. Next, we give the relation between theta characteristics and branch points 
of the genus 3 hyperehiptic curve in the same way we did in the genus 2 case. Once 
again, Thomae's formula is used to get these relations. We get 35 equations with 
branch points and non-zero even theta constants. By picking suitable equations, 
we were able to express branch points in terms of thetanuUs similar to Picard's 
formula for genus 2 curves. Let B — {01,02,03,04,05,1,0} be the finite branch 
points of the curves and U = {oi, 03, 05, 0} be the set of odd branch points. 

Theorem 4. Any genus 3 hyperelliptic curve is isomorphic to a curve given by the 
equation 

y2 = xiX - 1)(X - ai){X - 02)(X - a3)(X - 04)(X - 05), 

where 



Oi 



q2 n2 
^31 "^21 
q2 n2 ' "'2 
^34 ''24 



q2 n2 
'3l''l3 
0202 ■ "3 
"'9 ''24 



^11^31 

02 02 ' '^4 

''24"'6 



fl2 n2 

q2 n2 ' '^S 
'15''34 



92 02- 
^26''9 



Proof. Thomae's formula expresses the thetanulls in terms of branch points of 
hyperelliptic curves. To invert the period map we are going to use Lemma [6] For 
simplicity we order the branch points in the order of 01,02,03,04,05,6,1, and 
00. Then the following set of equations represents the relations of theta constants 
and oi, . . . , 05. We use the notation {i,j) for (o^ — Oj). 

e,^ = A (1, 6) (3, 6) (5, 6) (1, 3) (1, 5) (3, 5) (2, 4) (2, 7) (4, 7) 
02^ = -A (3, 6) (5, 6) (3, 5) (1, 2) (1, 4) (2, 4) (3, 7) (5, 7) 
03' = A (3, 6) (4, 6) (3, 4) (1, 2) (1, 5) (2, 5) (1, 7) (2, 7) (5, 7) 
= -A (2, 6) (3, 6) (5, 6) (2, 3) (2, 5) (3, 5) (1, 4) (1, 7) (4, 7) 
- A (4, 6) (5, 6) (4, 5) (1, 2) (1, 3) (2, 3) (1, 7) (2, 7) (3, 7) 
= A (1, 6) (2, 6) (3, 4) (3, 5) (4, 5) (1, 2) (1, 7) (2, 7) 



^7* = A (2, 6) (3, 6) (4, 6) (1, 5) (2, 3) (2, 4) (3, 4) (1, 7) (5, 7) 
^8* = A (2, 6) (3, 6) (2, 3) (1, 4) (1, 5) (4, 5) (1, 7) (4, 7) (5, 7) 
^9* = -A (1, 6) (3, 6) (1, 3) (2, 4) (2, 5) (4, 5) (1, 7) (3, 7) 
^10* = -A (3, 6) (5, 6) (3, 5) (1, 2) (1, 4) (2, 4) (1, 7) (2, 7) (4, 7) 

^n* = -A (3, 6) (4, 6) (5, 6) (3, 4) (3, 5) (4, 5) (1, 2) (1, 7) (2, 7) 
^13^ = A (2, 6) (4, 6) (5, 6) (1, 3) (2, 4) (2, 5) (4, 5) (1, 7) (3, 7) 
= A (2, 6) (5, 6) (2, 5) (1, 3) (1, 4) (3, 4) (1, 7) (3, 7) (4, 7) 
015^ = -A (1, 6) (5, 6) (1, 5) (2, 3) (2, 4) (3, 4) (1, 7) (5, 7) 
016^ = A (1, 6) (2, 3) (2, 4) (2, 5) (3, 4) (3, 5) (4, 5) (1, 7) 
017^ = A (1, 6) (4, 6) (2. 3) (2, 5) (3, 5) (1, 4) (1, 7) (4, 7) 
^18^ = -A (2, 6) (4, 6) (1, 3) (1, 5) (3, 5) (2, 4) (1, 7) (3, 7) (5, 7) 
^19* = A (3, 6) (4, 6) (1, 2) (1, 5) (2, 5) (3, 4) (3, 7) (4, 7) 
^20* = -A (2, 6) (1, 3) (1, 4) (1, 5) (3, 4) (3, 5) (4, 5) (2, 7) 
621" = -A (1, 6) (4, 6) (5, 6) (1, 4) (1, 5) (4, 5) (2, 3) (2, 7) (3, 7) 
^22* = -A (1, 6) (3, 6) (4, 6) (1, 3) (1, 4) (3, 4) (2, 5) (2, 7) (5, 7) 
^23* = A (1, 6) (2, 6) (3, 4) (3, 5) (4, 5) (1, 2) (3, 7) (4, 7) (5, 7) 
^24* = A (4, 6) (5, 6) (1, 2) (1, 3) (2, 3) (4, 5) (4, 7) (5, 7) 
^25' = A (3, 6) (1, 2) (1, 4) (1, 5) (2, 4) (2, 5) (4, 5) (3, 7) 
026^ = -A (2, 6) (4, 6) (1, 3) (1, 5) (3, 5) (2, 4) (2, 7) (4, 7) 
027^ = -A (1, 6) (5, 6) (1, 5) (2, 3) (2, 4) (3, 4) (2, 7) (3, 7) (4, 7) 
^28^ = -A (1, 6) (3, 6) (1, 3) (2, 4) (2, 5) (4, 5) (2, 7) (4, 7) (5, 7) 
029' = A (1, 6) (2, 6) (4, 6) (3. 5) (1, 2) (1, 4) (2, 4) (3, 7) (5, 7) 
^30^ = A (5, 6) (1, 2) (1, 3) (1, 4) (2, 3) (2, 4) (3, 4) (5, 7) 
^31* = -A (1, 6) (2, 6) (3, 6) (1, 2) (1, 3) (2, 3) (4, 5) (4, 7) (5, 7) 
^32* = A (1, 6) (4, 6) (2, 3) (2, 5) (3, 5) (1, 4) (2, 7) (3, 7) (5, 7) 
^33* = A (2, 6) (5, 6) (1, 3) (1, 4) (3, 4) (2, 5) (2, 7) (5, 7) 
^34* = A (2, 6) (3, 6) (1, 4) (1, 5) (4, 5) (2, 3) (2, 7) (3, 7) 
^35* = -A (4, 6) (1, 2) (1, 3) (1, 5) (2, 3) (2, 5) (3, 5) (4, 7) 
^36* = -A (1, 6) (2, 6) (5, 6) (1, 2) (1, 5) (2, 5) (3, 4) (3, 7) (4, 7) 



Our expectation is to write down the branch points as quotients of thetanuUs. By 
using the set of equations given above we have several choices for ai, . . . ,05 in 
terms of theta constants. 



Branch Points Possible Ratios 

„2 (""eO'rV /eiiSJaf 

v^pi^J^' vwJ^' vwJ^ 

„2 (elAY (^IsKY 



Let's select the following choices for ai, • • • ,05: 



ai 



fl2 /)2 
fc'31^21 

"34''24 



a2 



fl2 n2 



^31"13 
02/12 ■ 

7gt724 



as 



92 /)2 
fl2 fl2 : 



a4 



fl2 /i2 
^2 fl2 ■ 



as 



92 /12 ■ 
''26^9 



This completes the proof. □ 

Remark 6. i) Unlike the genus 2 case, here only Oi, Oq, 6j, Oh, 615, 024, ^31 are 
from the same Gopel group. 

a) For genus 2 case such relations are known as Picard's formulae. The cal- 
culations proposed by Gaudry on genus 2 arithmetic on theta function in cryptog- 
raphy is mainly based on Picard's formulae. 



3.3. Theta Identities for Hyperelliptic Curves 



Similar to the genus 2 case we can find identities that hyperelliptic theta constants 
are satisfied. We would like to find a set of identities that contains all possible 
even theta constants. A Gopel group, Eq. ^ and Eq. ([t]) all play a main role 
in this task. Now consider a Gopel group for genus 3 curves. Any Gopel group 
G contains 2^^ = 8 elements. The number of such Gopel groups is 135. We have 
24 Gopel groups such that all of the characteristics of the groups are even. The 
following is one of the Gopel groups which has only even characteristics: 



G 



ci 



000 
000 



C6 



i i 
2^2 





,C2 



,C7 



111' 

2 2 2 




i i 0' 
22" 





,C3 



,C8 



00 



1 

00 



, C4 



00 5 
00 



5 




, C5 



"22 




By picking suitable characteristics bi, b2, and 63 we can find the Gopel systems 



for group G. Let's pick bi = 





1 i 





0" 




O5O 



and bi ~ 



corresponding Gopel systems are given by the following: 





1 i 

2^2. 



then the 



G = 



"0 0' 




"1 1 1' 

2 2 2 




■i 0' 




\ 0" 




000 


■J 







00 










2 2 





502 







i Ol 
22" 




i" 


7 







00 



biG = 



b2G = 





1 i 

2 2 

1 i 

2 y 2 

1 i 

2 2 

^0 0' 

.050. 

i i 

2^2 



1 i 

2 " 2. 



Ill' 

22". 

i i 

Ho 

22". 



i 0' 

? iO 
22" 





1 1 

2 2 



111' 

2 2 2 

oio 



i i 0' 
22" 

oio 

111 

2^2 



i 0' 

oio 

i 
i 

2^2. 



oio 

2 2 



0^0 

.o|o. 



0^0 

1 i 

2 " 2. 



i 

1 i 

22". 



1 1 



O2 2 



502 

1 n 1 





" 1 

2 


1 
2 


0' 




'0 


1" 

2 


7 


1 
.2 





1 

2. 




io 


1 

2. 



bib2G = 



00 
iOO 



111' 

2 2 2 

iOO 



00 
00 



0^0' 
i 00 



i i 
"22 

1 00 



Oi 






" 1 

2 


iOl 




'0 i" 




1 
.2 







ioo. 



bibgG 



b2hsG = 



6ib2&3G 





i i 

2 2, 







hi 
"22, 





111 

2 2 2 

1 i 

? 1 ? 

2 2 2. 


00 i 

i i 

2^2 

i 



111 
222 

i i 
"22 

1 i 

2 2 " 

- i 
"22 

111 

! ! ? 



ioo 




1 1 

2 2, 



io 

1 1 

2 2 



2 2 2 

1 i 

? ? 1 

2 2 2 

111 
2 2 2 

ooi 



i 

01 ^ 

" 2 2. 

ioo' 

111 
2 2 2. 

ooi' 
111 

2 2 2. 



5 

ooi 



oio 

111 

2 2 2. 



0^0 

ooi 



i i] 
"22 

i i 

2 2. 



i i" 

1 ? ? 

2 2 2. 



0^ 




1 1 

2 2 





ooi 

ooi 



The above Gopel systems contain all 64 characteristics for genus 3. Except 
for the Gopel group, each of the systems contains 4 odd characteristics and 4 even 
characteristics. If f) denotes one of the characteristics from the Gopel group other 

than p Q Q , then |ef)| = |e| = mod 2 has 20 solutions. 



Example 1. If [) = 



111 

2 2 2 





then all the characteristics of G and all the even 



characteristics of the Gdpel systems ofbiG, b^G and bibaG are the possible char- 
acteristics for e. There are 20 of them. 



Without loss of generality, take the 10 possible choices for c which give rise 
to different terms in the series Eq. ^ and Eq. ([7| . For each \) in the Gopel group 

we can choose a such that |a, [}| + = mod 2. Take o to be 



other than 



000 



respectively bi, b2, bs, bib2, bibs, b2b3, and bib2b3 to the cases when [) is equal 
to the characteristics C2, C3, C4, C5, ce, cy, and cs respectively. By picking a and f) 
with these characteristics, we can obtain formulas which express the zero values 
of all the even theta functions in terms of 8 theta nulls: 9i, 63, 610, 6*14, 6*18, ^22, 
^29, ^36- We obtain the following 14 equations. The first set is obtained by using 
Eq. ([g]); all the computations are done by using Maple 10, 



Q /) 2/1 2 /) 2/1 2 n 2n 2 , n 2n 2 . /i 2/i 2 n 2n 2 /i 2n 2 

-J [713 ['23 —(728 fll — P34 O12 + t/35 t/i5 + W24 t'l6 ~ ''30 "l? — c's Pi 

/3 -^/^ 2 /3 2/1 2 I /I 2/1 2 
— [722 (710 ~ (729 (714 + (736 (718 i 

Q /3 -^/^ 2 I /I 2/1 2 /I 2/1 2 /3 2/1 2 I /I 2/i 2 /i 2/i 2 /i 2/i 2 

O (721 (75 + (720 (76 — (731 (78 — W25 [79 + (730 Wl5 — (735 (717 — (710 (71 

/) 2/1 2 /I 2/1 2 I /I 2/1 2 
^ (722 (73 ~ (736 (714 + (729 (718 i 

Q /3 2/1 2 /) 2 n 2 , n 2/i 2 , /i 2/i 2 /i 2n 2 r, 2n 2 r, 2n 2 

O (734 (716 ~ (727 (74 + (725 (76 + (732 (77 ^ (720 (79 ^ (724 (712 — (714 (71 

I /3 2/1 2 Q 2 a 2 /I 2/1 2 
+ (729 (73 — (736 (710 ~ (722 (718 j 



Q /) 2/1 2 I /I 2/1 2 /I 2/1 2 /) 2/1 
0(74 (732 +[731 (75 ^(727 (77 —(721 (7; 



8 + (723 (711 — (728 (713 = (718 (7l 



Q 2/1 2 n 2/1 2 I /I 2/i 2 
736 (73 — "29 (710 + (722 (714 , 



3 6*17^6115^ + 6li9^6l2^ - 6l7^6'4^ 2^ 2 , ^ 2a 2 a 2^ 2 _ a 2^ 2 

I /) 2/1 2 /) 2/1 2 /) 2/ 



2/1 2 /) 2/) 2 



— t 


'33 






29^ 




- L 


^33 






22^ 




- i 


^26 



Q 2/1 2 /) 2/1 2 /) 2/1 2 
714 (710 — (718 (73 — (729 (722 • 



By using Eq. ([?]) we have the following set of equations: 



3 013^ + 3 6*23'' - 6*28'' - 6'ii'' - 6*34'' - 6'i2'' + 6'35'' + 6*15'' + 6*24'' + 6^16^' — ^30'* 

/)4_/i4,/i4 /i4 /i4 /i4 fl4|/i4|/i4 
— (^17 — t/3 + fi — t/22 — (710 ^ (729 — (714 + (736 + (718 , 

3 ^21^ + 3 6*5'* + 020^ + ^6^ ^ 6*31"* — 6*8^ — ^25^ ^ 6^9^ + 6*30^ + 6*15"' — ^35^ 



g4_/i4,/i4 /i4 /i4 /i4 fl4,/i4,/i4 
717 ~ (710 + (71 - (722 - (73 ~ (736 ^ (714 + (729 + (718 7 



3^ 




- 3 




— Oo7 ~ 


-0/ 


+ 6'25' 


+ 06'^^ 


- 0^2 ~l~ 


07*- 


ft 4 
— (720 ~ 


09*- 


q 4 

-'24 










+ 6*1^ + 








-- 0\Q^ - — 




— ^is'^j 






o t 


'4 + 





4 

32 - 


U fl -1- 




" f27 " 


ft 4 
- t/j — 


t72i — t 


's + 


^23 + 


9 4 
^11 — 


9 4 

728 














-03'- 


- 029* - 


- 010* + 


^'22'' 


+014*, 






3^ 


'17' ^ 


-3 


015^ 




- 






033* — i 


'26^ - 


f 032* + 


027* — 


^35^ 








^22* 






+ 03'- 


- 9is* - 


- 0ii* — 


036^' 


- 029*, 






3^ 




-3 


02'- 


F ^^8^ + ( 


?5' + 


016^ + 


012* — 


033* — i 




- 0^1^ — 


021* — 


^34^ 




024:'^ 




O29* 






-03'- 


- 0is* - 


- 010* + 


^'36^' 


+ ^22^', 






3^ 




36 




933" + i 




013^ — 




026* — ^ 




- 025* — 


020* + 


^^28^ 


+ 


023'^ 




(^36* 




^18^ 


-03'^ 


h 0M* H 


- 010* — 


029* 


— 022*- 







Remark 7. Similar to the genus 2 case we can consider all the Gdpel groups and 
obtain all possible relations among thetanulls by following the above procedure. It 
is tedious and quite long so we don't do it here. 

3.4- Genus 3 Non-Hyperelliptic Cyclic Curves 

Using formulas similar to Thomae's formula for each family of cyclic curve ?/" — 
f{x), one can express the roots of f{x) in terms of ratios of theta functions as 
in the hyperelliptic case. In this section we study such curves for g = 3. We 
only consider the families of curves with positive dimensions since the curves 
which belong to 0-dimensional families are well known. Notice that the definition 
of thetanulls is different in this part from the definitions of thetanulls in the 
hyperelliptic case. We define the following three theta constants: 



"0 


HI 




'0 











2 




, 02 = 


1 


!?1 


, 03 = 







.3 


6 3. 




.3 


6 3. 





Next we consider the cases 7, 8 and 5 from Table 3.2. 

Case 7: If the group is C3 , then the equation of X is given by 

— x{x — l){x — s){x — t). 

Let Qi where i = 1..5 be ramifying points in the fiber of 0, 1, s, 00 respectively. 
Consider the meromorpic function / = a; on A" of order 3. Then we have (/) = 
iQi — 3Q5. By applying the Lemma [7] with Pq = Q5 and an effective divisor 
2Q2 + Q3, we have the following: 



Es^ll 



Q3 



rbk 
IQ5 



A,t) 



fc=l 



(30) 



Once again, we apply Lemma [7] with an effective divisor Q2 + and we have 
the following: 



n 

k=l 



(31) 



By dividing Eq. (31) by Eq. (30) we have 



n 



k=l 



(32) 



By a similar argument, we have 

,_-rT <> + 2/<£^--/Q>-A,r) 

ii^(2/Q^^- + /Qt--/g>-A,r)- 



(33) 



Computing the right hand side of Eq. (32) and Eq. (33) was one of the main 
points of 



19 . As a result we have s = and r = g| . 
Case 8: If the group is Cg, then the equation is — x{x — l){x — s){x — t) with 
s = 1 — t. By using the results from Case 7, we have 6*2 = — ^f- 
Case 5: If Aut(A') = (16, 13), then the equation of X is given by 

— x[x — l)(a; — t). 

This curve has 4 ramifying points Qi where i ~ 1..4 in the fiber of 0,l,i, 00 
respectively. Consider the meromorpic function / = a: on A" of order 4. Then we 
have (/) = AQi — iQ^. By applying Lemma [t] with Pq = Q4 and an effective 
divisor 2Q2 + Q3, we have the following: 



Et = 



n 

fc=i 



A, 



A,t) 



(34) 



Once again, we apply Lemma [7] with an effective divisor Q2 + 2Q3 and we have 
the following: 



Et^ = TT ^-^^^ ^ -^^^ ^ -^Q^ ^. (35) 



We have the following by dividing Eq. ( 35 1 by Eq. ( 34 1 : 



0(/q^> + 2/q^>-A, 

X 



(36) 



tj- A,t) 



In order to compute the explicit formula for t, one has to find the integrals on 
the right-hand side. Such computations are long and tedious and we intend to 
include them in further work. 

Remark 8. In case 5 of Table 3, the parameter t is given by 

where [e] is the theta characteristic corresponding to the partition ({1}, {2}, {3}, {4}) 
and A is a constant; see ^ for details. However, this is not satisfactory since 
we would like t as a rational function in terms of theta constants. The method 
in ^ does not lead to another relation among t and the thetanulls, since the only 
partition we could take is the above. 

Summarizing all of the above, we have 

Theorem 5. Let X be a non-hyperelliptic genus 3 curve. The following statements 
are true: 

i) If Aut{X)'^C'i, then X is isomorphic to a curve with equation 

y' = xi.-i) (..-| 

ii) If Aut{X) = Cq, then X is isomorphic to a curve with equation 

y' = ^(^ - 1) (2; - 1^ (^x - 1^ wtth el = el- el 

iii) If Aut{X) is isomorphic to the group with GAP identity (16, 13), then X is 

isomorphic to a curve with equation 

y"* = x{x — 1)(.T — t) 



where t is given by Eq. (36). 



4. Genus 4 curves 



In this section we focus on genus 4 curves. For the genus 4 curves, the complete 
set of all possible full automorphism groups and the corresponding equations are 
not completely calculated yet. In this chapter we consider a few of the cyclic 
curves of genus 4. Let us first consider the genus 4 hyperelliptic algebraic curves. 
For these curves, we have 2S~^(2^ + 1) = 136 even half-integer characteristics and 
2ff-i(2f - 1) = 120 odd half-integer characteristics. Among the even thetanuUs, 
10 of them are 0. We won't show the exact information here. Following the same 
procedure as for 17 = 3, the branch points of genus 4 hyperelliptic curves can be 
expressed as ratios of even theta constants and identities among theta constants 
can be obtained. The following Table |4] gives some genus 4 non-hyperelliptic 
cyclic curves; see Table 2 of [oj for the complete list. 

Table 4. Some genus 4 non hyperelliptic cyclic curves and their automorphisms 



# 


dim 




Equation 


1 


3 


C2 


= x{x - l)(x - ai){x - a2)(x - a^) 


2 


2 


C3 X C2 


y^ = (x^ — l){x^ — ai){x^ — 02) 


3 


1 


C5 


y^ = x(x — l)(x — a) 


4 


1 


C3 X C2 


y3 = (3,2 _ i-^^^A _ ^^2 ^-^ 



The Figure [2] shows the inclusions of loci of the genus 4 curves. 
4-1. Inverting the Moduli Map 

In this section we will express branch points of each cyclic curve in Table 4.1 as 
ratios of theta nulls. 

Case 1: C : -y^ = x{x—l){x — ai)(x^a2){x--a^). In this curve cxd is a branch point. 
We can use result of [l] to find out ai, 02, 03 in terms of thetanulls. First we need 
to find the partitions of the set {1,2,3,4,5,6}. The Table 5 shows all possible 
partitions of {1,2,3,4,5,6} into 3 sets and the labeling of the corresponding 
thetanulls. 

For each partition we can apply the generalized Thomae's formula to obtain 
an identity. According to this labeling of theta constants and the generalized 
Thomae's formula we have the following relations: 

e,' 
e,' 
e,' 

0e' 



ci (ai 


- (fli 


- 03) 


(a2 


- ag) 


aia2a3 (oi - 


1) (a2 - 


1) (as - 


-l)^ 


C2 (fli 


- 02)^ (ai 


- as) 


(a2 


- as) 


aia2a3^ (ai - 


- 1) (a2 - 


- 1) (as 


-1), 


C3 (oi 


- 02)^ (ai 


" as) 


(a2 


- ag) 


aia2a3 (oi - 


1) (a2 - 


1) (as - 


-1), 


C4 (ai 


- 02) (ai - 


■ as) 


(a2 


- as) 


aia2a3 (oi - 


1) (a2 - 


l)'(a3 


-1), 


C5 (ai 


- 02) (fli - 


- as) 


(a2 


- as) 


0102^03 (fli - 


- 1) (a2 - 


- 1) (as 


-1), 


ce (fli 


- a2) («! - 


\3 
- 0-3) 


(a2 


- as) 


aia2a3 (ai - 


1) (a2 - 


1) (as - 


-1), 



Table 5. Partitions of {1, 2, 3, 4, 5, 6} into 3 sets 







fill 


[1,2], [3, 4], [5, 6] 


O2 


[1,2], [3, 5], [4, 6] 


03 


[1,2], [3, 6], [4, 5] 


04 


[1,3], [2, 4], [5, 6] 


05 


[1,3], [2, 5], [4, 6] 


Oe 


[1,3], [2, 6], [4, 5] 


07 


[1,4], [2, 3], [5, 6] 


08 


[1,4], [2, 5], [3, 6] 


09 


[1,4], [2, 6], [3, 5] 


010 


[1,5], [2, 3], [4, 6] 


011 


[1,5], [2, 4], [3, 6] 


012 


[1,5], [2, 6], [3, 4] 


013 


[1,6], [2, 3], [4, 5] 


014 


[1,6], [2,4]. [3.5] 


9ir> 


[l,li],L2,')l,i:5, li 



= C7 (ai - 02) (ai - as) (012 - as)^ aia2as (ai - 1)^ (a2 - 1) (03 - 1) , 
= cg (ai - 02) (ai - 03) (a2 - 03) 0102^03 (ai - 1)^ (a2 - 1) (03 - 1) , 
fg^ = cg (ai - 02) (ai - 03) (a2 - 03) 010203^ (ai - 1)^ (02 - 1) (03 - 1) , 





= cio (ai 


- 02) (ai 


- eta) (02 


- 03)^01^0203 (oi - 


- 1) (a2 - 


- 1) (as 


-1), 


n*^ 


= cii (ai 


- 02) (ai 


- 03) (02 


- 03) 01^0203 (fli - 


1) (02 - 


l)'(a3 


-1), 




= C12 (ai 


- 02) (ai 


- 03) (02 


- 03) 01^0203 (oi - 


1) (02 - 


1) («3 - 


-If, 


13^ 


= ci3 (ai 


- 02) (ai 


- 03) (02 


- 03)^ 010203 (oi - 


1) (02 - 


1) (as - 


-1), 


14^ 


= Ci4 (oi 


- 02) (ai 


- 03) (02 


- 03) 010203^ (oi - 


1) (a2 - 


l)'(a3 


-1), 


15^ 


= Ci5 (ai 


- 02) (ai 


- as) (02 


- 03) 0102^03 (oi - 


1) (a2 - 


1) (as - 


-1)^ 



where Cj's are constants and depend on tlie partition Aj. From the above set 
of equations we can write 01,02, 03 in terms of theta constants: 

ai=di[-w-) , a2=d2{-^) , = dai-w-) (37) 

fis fe fs 

where <5i = sin, 82 = ^, S-^ = ^. 

J- Ci3 ' ^ C6 ' C3 

Using the result of case 1 we can write the equations of cases 2 and case 4 in 
terms of thetanuUs. 




Figure 2. Inclusions among the loci for genus 4 curves. 



Case 2: In this case the curve can be written as 



y = {x - l){x + l){x - y/Q^){x + y/o^){x - y/a2){x + y/a2). (38) 
Consider the transformation given by 



2x~ 1 



Under this transformation we obtain a curve that is isomorphic to the given curve 
and 

the new curve is given by the equation 

2 

= x{x - -){x - ji){x - 72)(x ~ 73)(a; - 74) 
where 71 = , 72 = , 73 = and 74 = ■ Using this 



transformation we map the branch point 1 of the curve given by the Eq. ( 38 1 to 
0. Again by using the transformation 

-22: + 1 



3a;- 2 ' 



we can find another curve isomorphic to the above two curves. This transformation 
maps I to 00. With this transformation the curve is given by the equation 

y-^ = x{x - Si){x - d2)ix - S3){x - S4) 

where Si = "g^lt,"'" ■ By using the transformation given by 

a; + 1 



we can find the curve 

y3 = x{x - l){x ~ p,){x - /32)(x - 133) 

where /3i = ^sls'-^}+2s\X^i ' '^^i'^^ isomorphic to the previous 3 algebraic curves. 
Now we are in case 1. From the result of case 1, we can write the /3i, i = 1,2,3 as 
ratios of thetanulls. But we like to have ai and a2 as functions of theta constants. 
Notice that we have the following 3 relations on ai, 02, Pi, (32, and P^: 

a ^ ^1 

^'^ ai -2-2^/S7-lV 



Using these relations, ai and a2 can be written as rational functions of /32, 
and /33 given by the following: 



^ 2/3i/32 (-fe + fe) 

2 /3i/33 + 2 /3i/32 + /?2'/33 - 6 ^2^3 - 2 /3i/32' + 3 /3i/32'/33 ^ 
2/3i(/33-/32) 

a2 — 



(39) 



-4 /3i - /32/33 + 4 /3i/33 + 4 /?i/32 - 3 /3i/32/33 
with the condition of /3i , /32 and 

(/31/33' + 2/3i/32/33 + l3iP2^ + P2^P3^ - 4/31/32/33' - 4/3i/322/?3 + 3/31/32^/332) 

(-/33 -^2 + 2/32/33) =0. 



The branch points of the curve given by Eq. ( 38 1 can be expressed as ratios of 
theta constants by using all of the above information. 
Case 4: In this case the curve is given by 

^ {x^ -l){x^ -ax^ + 1). (40) 

This is a special case of case 2. By writing out the equation of case 2, we have 

= {x^ — ~ (o^i + ct2)x'^ + Q;ia2)- Take a = ai + a2 and q;iq;2 = 1- 

Case 3: In this case, the equation is given by y^ = x{x — l){x — a). This curve 
has 4 ramifying points Qi where i = 1..4 in the fiber of 0, 1, t, 00 respectively. The 
meromorpic function / = a; on A" of order 4 has (/) — AQi — 4(54. By applying 
Lemma [7] with 

Pq = Qi and an effective divisor AQ2 + Q3, we have the following: 



H e(4/Q^> + /^^^^-A,r) 

Again by applying Lemma [7] with an effective divisor 3Q2 + '^Qs , we have the 
following: 



H 0(3/Q«> + 2/^^>-A,r) 
We have the following by dividing Eq. (|42|) by Eq. (|4T|): 



a 



n 



0(3/Q«> + 2/Q^>-A,r) 

A ^(4/g^> + /g^-^-A,r) 
M^(4/g^> + /Qt--/Q>-A,r) 



(43) 



By calculating integrals on the right-hand side in terms of thetanuUs, we can write 
the branch point a as a ratio of thetanuUs. Summarizing all of the above, we have 

Theorem 6. i) If Aut{X) = C3, then X is isomorphic to a curve with equation 

= x{x - l){x - ai){x - a2){x - 03), 

where ai, 02, and are given in case (1) in terms of thetanuUs. 

ii) If Aut{X) ^ C3 X C2, then X is isomorphic to a curve with equation 

2/3 = (a;2-l)(x2-ai)(a;2-a2), 

where ai, and a2 are given in case (2) in terms of thetanuUs. 

iii) If Aut(X) C5, then X is isomorphic to a curve with equation 

— x{x — l)(a; — a), 

where a is given in case (4) in terms of thetanuUs. 

iv) If Aut(X) = Cg X C2, then X is isomorphic to a curve with equation 

{x^ - l)(a;^ -ax^ + 1), 
where a is given in case (3) in terms of thetanuUs. 



5. Concluding Remarks 

In Sections 2, 3, and 4, the main idea was to write down the branch points 
as quotients of thetanuUs explicitly for cyclic curves of genus 2, 3, and 4 with 
extra automorphisms. For hyperelliptic algebraic curves, we can use Thomae's 
formula to express branch points as ratios of thetanuUs. We used Maple 10 for 
all computations. For non-hyperelliptic cyclic curves, we used various methods in 
order to invert the period map. The method described in Lemma [7] in Chapter 1 
gives the general method to find branch points in terms of thetanuUs. The main 
drawback of this method is the difficulty of writing complex integrals as functions 
of theta characteristics. Some of the results in Chapter 2 and Chapter 3 already 



appeared in 15 
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